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Abstract

In practical problems of portfolio optimization, the rate of return on assets is
uncertain under the influence of various factors. In order to provide a better decision
plan and measure investment risk, we need to study how to take uncertain rate of
return into portfolio optimization. Robust optimization is a popular method to deal
with uncertain parameters in a model. When an uncertain parameter is viewed as a
random variable with an unknown distribution, an important way to deal with am-
biguity in parameter distribution information is distributionally robust optimization
(DRO). One unavoidable problem, however, is that the optimal solution to DRO is
very conservative, because DRO takes the worst case in an ambiguity that includes
all possible distributions. A simple approach is to reduce the distribution ambiguity,
but this approach does not solve the problem because the true distribution may be
detached from the selected ambiguity. Then, in the DRO problem, we can also intro-
duce a global method to reduce the conservativeness of DRO and relax the feasibility
requirements of ambiguity.

Based on Wasserstein metric and the strong duality theorem of linear cone, this
dissertation transforms the globalized distributionally robust optimization problem
with uncertain distribution into the globalized distributionally robust optimization
counterpart with deterministic distribution. We apply the globalized distributionally
robust optimization model to the CVaR portfolio problem, and construct a globalized
distributionally optimization portfolio problem. Through model transformation, we
obtain the globalized distributionally robust portfolio counterpart under determinis-
tic distribution. Finally, numerical simulation is carried out to prove the feasibility
of the model, and the comparison of the models shows that the model is effective in
reducing the conservativeness of the model, and has certain guidance for investment

decision.

Key Words: Portfolio; Globalized Distributionally Robust Optimization; Wasser-

stein Metric; CVaR; Linear Cone
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FZOEAZ AN AT, FRAOTRIZ IR A% DG P iy S iE 2T
HAFRAATHS , W@ (3-2) ARG SN — 1L, BEEgr, S0,
PRI B/ s PEEGEOE, WA A5 BN EEE, A) DA 24K A s Y
HiZ . SO T DAEAS 21 SR U010 R R PR P PERRAIR, 0T 4 Ry 0 1 6
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PR EA S e, TR SUEA ] P PRI

3.2 EHIE R Wasserstein EE

B P RO E AR RL ) S B S A0 . — AN IR BN 52 1% 2
Wk, mEASEEENEEIRAUN. B, BN IZ RSN, DA
HEBR R 5 00 N 401, (RO S EUR AL AR SE . IS, BB %R
BOHMNEIERSEL, I BRI, A BT 07 S 010 ) e R
— NEE AR T IR, DAET BUSB A FRAfife

ARSI SE 2 DA Wasserstein B A AR B R AL, 2 WS
SRR Bk, XA T RN ECS T A A e MR R
200 7 B T BER 0T ol BT A1, T DA A 1) B £
SPHERREE . SRR E) 0, WIBDRIZE 4/ N AU & 250 A A T R 4R
B, EXFREBLR, e R ARk TOBOR ) B AL -

N S 4 Wasserstein B E L, T3/ 435 T Wasserstein [ HE15
WIS, Ul SO 56T Wasserstein Ji 5 K BB SE T -

X 3.1. (Kantorovich, 1957) (Wasserstein ) 1% & fll & kRS 0] M(2)
RPN RS B, ZONBENLAE R § M & ISR, M(B) FonTe SR 4 i
AR BB G . PR PR & § W51, Py 2 BENLS & & 51T d(&, €)
MRS A R — R, X PR S 11 Z [R]1Y p-Wasserstein FE 5 -

W,(Py,Py) = inf ( | e ens de:’)) "

IIe M(EXE)

(2, d¢') = Pi(dS'), TI(dE, E) = Py(de), T1(d€, =) = /5 _T(dg, d€”).

Horp (d¢, d€') 2 RELAS R A & IR G0 1, M(E x E) 2 A ek &
GiIVES =

MR EIATE 3.1, 5 DA Py N BORISE Bk BRL, DA e SoBAR, 5
7341 Py 1 Wasserstein #55§ Wy, (Py, Po) /N e IAEELMT Py AUR Al de £,
B[k Wasserstein BURI4E, 1T LASIEMN T B

Ba(Pg) = {Pl € M(E) . Wp(]P)l,IEDQ) S 8} .
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TESE AR, 25 R BRI AL R LA 5 € HAL R P I— AN rl B A
KT & AN BN ) A5 B A N ASPSL R A M REA S, AR 5684011
Py BTG FE, FEATHRAE p =1, E=R", d(£,¢) = |E = ¢,
IUJ 1-Wasserstein Ji 5 MASHIEE P AT DAS HIZR R -

WPy = int [ deems.as) (3)
P =B.(Py) = {P e M(E): W(P,Py) <e}. G-4)

FAVEZ R WA P Py 1Y Wasserstein JF 55 A] DAL B 54015 P
¥l 01 Py Byd/ Nz iiA, Hrer i § a3 & iR sET
d(§,&). BEAh, Wasserstein BRI A0 & FIr g 25 B BRI AT, IX L8701 AR XS
T Wasserstein i & £ 0510 B4 565711 Py . Bolley %5 (2007), Nicolas 4§
(2015) MGETt EUEASEFRA311 P JE T Py FIILHY Wasserstein BOBIZE, IR
A0 log(1/B) /N B MG R, WIHAFE R 1-6, FARUE T ATk
FNAIEAS S EAE X ] B3

3.3 Wasserstein EE T2 hSEM L G

e R mEBIA &2 1, % AT Wasserstein &1 /31
BRI, RS G-1) DAL (3-4), A DAKF N A E A
R

Eslg(z,)] <0, VP € B.(Py). (3-5)

LR TR Py 10 P # R A, IR AR TRUMIAE i 2
RHKRAE/NT 0, BI LS 3-5) ST

max {Eelg(r.€)]} <0. (3-6)

SECRIE UL IR (3-6) WA TSRS L O IR AL I, R O
HELALL TR 52 TR IATEAEW] (3-6) AT AR € I i) T B i 45 0 f
BRAE Y ORI XL Py BB A IR . M N AR, Rk
BB REA B €, 62, En, TBABSEUAMT Pu(€) = & 20N, 0. (6), B
Pr(&) = &, Vi=1,...,N. [FIIXHEEUECH IR R
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% 3.2. (Esfahani, 2018) (\%4f) BEHLACE: & iYSCHEAR = @IS, HAAW
PR —g(x, §) RN FHESMIEF R Ak, FAMRSE —g(2, §) A5F
T —oo XTHLRL S FESHEEE = b

P 3.3, QPR 3.2 WL, IRARXTAERE ¢ > 0, fAAESKIA &R « € R" A
FRAR (3-6) FEHr T H AKX

N

1 A
%29 &) +ellzl. <0, (3-7)
i=1

80 R P8 R WIUE2S TRk 8

R
THEH] FiaRg5ie, Sl AsEaX (3-6) ZEdi i) MR RETT A 31 B AL A
— B, N R AT AT

¢

max /:g(x,f)ﬂ(df,E)

EEM(E)

max Eplg(z,&)] = { st. /_ _d(& E(dg, d') <e, (3-8)

PeB. (Py)

1(Z, d¢') = Pu(de)).

\

() ML P 2 B HIC 200 40 TR 2

M N AREARR, TEWREAR 1,6, ... &, TBABEUME Py () =
LSV 6:(8), W Py(&) = +.¥i = 1,... . N. BoMBEYAER € ~ P, Bl
HUSEE € ~ P, WIS Py RSB EEA AR 5078 AR i AL, TG X
3R I (3-8) ek A T I B 4 S o 4 A R B A T A BB
FIALFE

N
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=)= [ e ae)

=Y n(de|€ = &) - Pu()

i=1

N (3-9)
= T(d¢|€ = ¢
=1

1
)N
1L
i=1

15 13 3-9) R TIFALLE R, 2 P(dE) R THEMLAL & & 4 HER
SPARERE, HUESCR P(d) = TI(dE | € = &), RIGHTE & =& KT, XT
§HIBRR AT [FFE, TNIRCAER G R R

[1(dg, dg') = T(d¢ | £') - Py (&)

1 , (3-10)
= 5 2_ %6 (€)' (de).
i=1

MR (3-9) Hl (3-10) HYFAL , Br AR RAL IR (3-8) Al Ak 4 1)/t (3-11):

1 .
max 3" [ (e P

= i=1 Y=

ﬁ.—iﬁé/d@éﬂﬂﬁj<e (3-11)
N )= - -

[WMQ:L i=1,2,...,N.

FE AR, JURAT R A AR P10 = 1,2,..., N), HARSRENE—
AR LA AE N 5 AR P A SIS, FEARSEARR R 1 I 3
T AERAH SP(dS) = 1= 1,2,... . N), [RIRHRIEEER AT TR P g
JIIE ISR

(i) [AJA (3-11) FARF A i 7t

DRAFAA 3-11) AXHB IR, EJEEIAMMAR A, si(i = 1,2,..., N),
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AL = = RTAUA, 3R (3-11) () Lagrange pRECH

LE ) =5 Y [ o oP)
=1 1 N
+A-{e—— / d(&, &P (d
{a N; &SP 5)}
1 & .
—I—N;si [1—/}1{”@(@)}
BB 18 (3-11) W] A Lagrange pR&E NN
max rgg L(P%) N, 55). (3-12)
SO 1) A] R N
min max L(P’, ), s;). (3-13)
A>0 Pi>0

Si

I (3-13) B N ARERAL A1 maxpi»o L(PY, A, s;), Bl

| L3 (ot = (e, &) — i) Ptag)

i

I
3=
|g§
—N
==
=z
S8
M
+
>~
™
+
=
[]=
&
——

=1

"l
~md 5|

. o] 1
;(9(%5) — (&, &) — Si)]P) (df)_ } + Ae + N;Sz
{)\5+%va15¢, Vi g(x,€) — A(E,€) — 5; < 0, VE € R™;

=2

+00, Hiftb.
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R 23 (3-13) AN

1 N
min et ) s

3 . 3-14

y=y ?

A > 0.

(iii)Ve > 0, ER AT (3-11) XS BRI (3-14) 3 2 300 s 3
B e Bl a) s (3-11):

my 3 om0
o

st / (6, £)P(dg) <
i=1

/ i(d€) =1, i=12.. . N

KL (3-11) Hlhn T~ Ltk HE AL BT

1 & i

max 2 (9(z,-),P") (3-15)

o
st. APLP? .. PY) - e {0} x --- x {0} x 8L, (3-16)

1

__8_

P eC. (3-17)
Hrpr A 2 LAk

A:(]P’I,P2,...,IP’N)|—>{/EIP’l(dg),. /IP’Nd§ ——Z/ ggzﬂmczg}T

H C = cone(M), M ={P:P>0,PR") =1}
HERH 2R PESESR NHR T, R B R AR AR R AT, AR
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AR PR P ORI

Wnu§€§)%@3{ .
0, {#&-

BT P e M, BrLAE AP € cone(M) = C, ik PP AERIATI N AR 2 5, H.
T A2 i I R ) 28 — AR (3-17)
W d(-, ) AR P BEX, A

{5 — &, d(€,&) =0
E#&, P(do)=0.

H I ) 41
1 < o
NE:ﬂd@@wW@yzg

i=1v=

B P*ACA SRR 25— 2R (3-16)

APLP? PN =1, .1, —¢]"
1,...,5,0" =[1,...,1,—¢]"
[0,...,0,e]" € {0} x -~ x {0} x SL,

WU) P A S DR 200, R R R A AT AT A . 1l Shapiro(2005) H Y i
34, SEXMEEBLALL . AR R (3-14) 1y PEMR Ry R 8 (3-11) #YHz
DUfft, NHIARSE P HTXHEB IR (3-14) H K%

(iv) XHE I (3-14) K%

S JERHB IR (3-14) SF— ALY, XTF4—4> A > 0, iRl Abadeh(2015)
FEG B LA e

gER™

max {g(z,€) = Md(¢,&) | = {

70
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JIrPA (3-14) H 4L N

XN
rilin )‘€+N;Si

. . (3-18)
st. gz, &) <s;, Vi=1,2...,N,

]l < A

TEFIR (3-18) o, F/ME FUATERAL, PEBWLRAS B A, 5,(i = 1,2,..., N) i}, %
FEE AR SR AR AT LAE] s = g(2,&)(i = 1,2,... . N), A = |z, FAZ]
HbReR S, BRI EMERGRN & 0, g(x, &) +l||. 7 (3 i i i
WL B R, BRI (3-8) (. AB2MFARZER LW (3-6), ®ATH

N

S g(2,&) +elall <0. O

=1

1
N

H: AGERE 3.3 mf, FRATH R B A 7 1 ) i o 0 RS SR AR AL S 485 70 A
Y E AR R BO RN AN I, 0 D A AR A R o AR RO SR A R ek
SE o X ML A EIARRE , 1 JA T RF 2R [ R rh 1 K pR AR U (2, y) =
log(1 + exp(—yBTx)) RAEH 3.3 MEEEL g(.,.) , Hrh g AP a2
BRI ASE, (v, y) RNV S, [ o AR TRARFE, v i
WHARRRIE T B 70 BT +1 A —1 AR TPIMZRAL, ACARL E AR
PR BRE, BALELS Abadeh(2015) H koA =2 [m] AR A . A PR
T MR AR I R B AR B, AR R 4 T A A —
ANIENIR, GEASRC HAT S, TR R AN A1 B AL R A T AR
TS T T EA TR AR [T YA i A T DI 5 B o

3.4 Wasserstein EE TH2E7 HESEM L

R eI R (3-2) H P, P AR TAE, X B Wasserstein
FEEAE AR R M, A2 B R

P =B.,(Py) = {P e M(E): W(P,Py) <&},

P =B.,(By) = {P € M(Z): W(F',Py) < o2}

71
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Hiftey <o B P CP. FHL, BREESGUR Py HEED, =4
BEPLAL & € WY SCIEER . M(E) FonTesc e ERIra e s & . Iam
A (3-2) AZ AR & R A E UL AL 1 (GDRC):

Eplg(z,§)] < b H(P,P), VPeB.,(Py). (3-19)
REANHA E MR8 (GDRC) S8 i R AL MU € 2011 R I R, SR 25 &
BREL g HARIEA DA R B gk H BIREF Y GDRCs, e Fb R
A S PO P R 2 3
HEF BN (3-19) A LTRANK, FABEUIEHTIAE P
B, (Py), XM EMRMESLERNY A 76 N, FA1HES T GDRC(3-19)
EEMIE. TR, SeXf kg g PAS H R EOE AT — L83 . KT
B g, BISCRES —g B RSN KA, N TITE LR, 5%
THEZ R B B RAEREOE A . X T R H R B0E, H(.,-) AR
PHBTRR %Y, iX HLH Wasserstein Ji & 11 IR G 2071 SRR 0 TE OR MR BE 25 R 2K
H(-,-) B3R
H(P,P) = o(&, §NTI(dE, dE), (3-20)

S TR PP (A . XITHEN ARt 0, 2, BBTRHOTIE A
S H(v, 2) = 6(v, 2). AT H(,) BETERAGHE, WHRS o(, ) BEOEA Y
P, B 3.4 2 ERIT

P 34, B g(x,-) 2 R BN, H H 2 Eisms. P 2dea ik,
Hes <er, BFE P C PB4z € R A (3-19) Y HALHEA7AE 2 € R”
PRI AR

N
Y g(@,&) +allr — 2l +esllz]l. + H (,—2) <0. (3:21)
=1

==

HEW].
HIeH 8 Lk M (3-19), RIEAL AN AL

max {]Ep[g(x,f)]— min H(P,P’)}go.

PeBe, (Pn) P’'€Be, (Pn)

Isls]
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A

F(z) = E — i H(P,P
0=, oo [Elor.o)- min HER))

(3-22)
= max {Eplg(z,8)] — H(P,P)},

" PeB., (Px),P'Be, (Py)
W2 K AR (3-19) ST 3K F(z) < 0.
() JeXt F(x) SEATHI AL PR
HT RIS PP R, AR (3-22) AP IMER SN Q Q7 H:
SRRHEE , AR . SRR v, 2, LR FERE/IMEMA
2 H br e KAE PR AL

_ . /
F(r) = max {Eslo(r. )] - HE.P)
P'€Be, (PN)

—  max ){Ep[g(m,g)]—H(Q,Q/)|@=P,<@f:p,}

]P)GBEI (]PN
P’ GBSQ (PN)
Q.

=  max min{Ep[g(x,g)] - H(Q,Q) — (E@(UT@ — EJP(UTf))

PEE£1 (Pn) v,z
PIEBEQ (]PN)
QY

- (Bo"9) - E=(:"0)) |
R RAUOROCHE . MR, 50T R

min max {Ezly(r,€)]~H(Q, @) ~Eq(v" ) +Ep(v"€) o (=€) +Ex (:6) |
P'€B., (Pn)

QU

BRI, )RS S N KA IR, R A IS e A TR 20 1 =4~/ N e K
PTG 73 B EA T 7 A

min{ max {Ep[g(x, )] + EP(UTS)} + %{gl@)}{—ﬂ (Q,Q) —Eg(v"¢) — E@/(z%)}

v,z | PEBe, (Py)

(3-23)

M
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=AW IR A B AT
m(v,2) = max {Eelg(r,€)] + Ee(v") }.

ha(v.2) = max{ ~H(Q Q) ~ Eo(v"€) ~ Eg(:"¢) }.
hs(z) = P/eﬁ?&N){EP/(ZTO}'
o Fx) HUInFEm LR
rglizn{hl(v, z) + ha(v, 2) + hs(2) }.

(11) *ﬁg hla h27 h3

(3-24)
(3-25)

(3-26)

LB KAL) (3-24) F1 (3-26) AMER H, WX E L2
AN FRAL R BT Wasserstein JE & 10 S LB, BER 3.3, FRATEH

hi(v,2) = max {Eelg(z, )] + En(v"¢)}

PGBEI (IPN)

= max {E]p[g(x,f)—i-va]}

PEB., (Py)
1 & . .
= > (9. &) +07&) +aille + ol
=1
[ AT 15
= Eon T }
hs(2) P’e%il?ﬂm){ p (2" €)

1 N
=5 2 "G+ ezl
=1

"N
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