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Yang-Lee Zeros, Semicircle Theorem, and Nonunitary Criticality
in Bardeen-Cooper-Schrieffer Superconductivity
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Yang and Lee investigated phase transitions in terms of zeros of partition functions, namely, Yang-
Lee zeros [Phys. Rev. 87, 404 (1952); Phys. Rev. 87, 410 (1952)]. We show that the essential singularity in
the superconducting gap is directly related to the number of roots of the partition function of a BCS
superconductor. Those zeros are found to be distributed on a semicircle in the complex plane of the
interaction strength due to the Fermi-surface instability. A renormalization-group analysis shows that the
semicircle theorem holds for a generic quantum many-body system with a marginal coupling, in sharp
contrast with the Lee-Yang circle theorem for the Ising spin system. This indicates that the geometry of
Yang-Lee zeros is directly connected to the Fermi-surface instability. Furthermore, we unveil the
nonunitary criticality in BCS superconductivity that emerges at each individual Yang-Lee zero due to
exceptional points and presents a universality class distinct from that of the conventional Yang-Lee edge
singularity.
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imaginary magnetic field to understand the mathematical

origin of nonanalyticity of the ferromagnetic phase tran-

Introduction.—Yang and Lee developed a general  sition. The thermal phase transition between the para-
approach to understanding phase transitions in terms  magnetic and ferromagnetic phases occurs when the
of zeros, known as Yang-Lee zeros, of the partition  distribution of zeros touches the real axis in the thermo-
function [1,2]. They investigated the distribution of zeros ~ dynamic limit. Yang-Lee zeros are also closely related to
of the partition function of a classical Ising model for an  singularities in thermodynamic quantities accompanied by
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anomalous scahng [3-8]. This type of singularities in
critical rghenornena is _collective %q] referred to as the

SRS - 8] AR P IX B 27 SR N
Yang-Lee singularity [9].
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The distribution of Yang-Lee zeros governs the critical
phenomena in phase transitions [3,10] and is of funda-
mental importance in statistical physics. The universality of
the distribution is encapsulated by the Lee-Yang circle
theorem [1,2], which states that the Yang-Lee zeros of the
ferromagnetic Ising model are distributed on a unit circle
in
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the complex plane of the fu gacity [11-14]. While the Yang-
Lee theory has been ap hed to a wide range of 8hase
transitions in classical [[)15 18] and quantum [1 28]
J%sterns its a Ep[phcatlon to 1t1nerant electronic systems is
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/_T_/\ N E IIN = b L

T AL

hmlted [20,21]. Itinerant electrons show various types of
order arising from Fermi-surface instabilities, including the
Bardeen-Cooper-Schrieffer (BCS) superconductivity [29]
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as a prime example. Thus, the study of Yang-Lee zeros
in the BCS theory is expected to unveil hitherto
unnoticed universality in superconductivity.
YER—AFEZRH . Bk, X BCS #igth-F%
@%ﬁﬁﬁ%%%ﬁ$%¢$WE%ﬁ%%@%ﬁ

In this Letter, we develop the Yang-Lee theory of BCS
superconductivity to elucidate the nonperturbative nature
of the superconducting phase transition in terms of the
distribution of zeros of the partition function. We show
that the number of roots of the partition function is
directly related to the superconducting gap induced by
the Fermi- surface instability. In particular, we
demonstrate that the Yang-Lee zeros of the partition
function are distributed on a semicircle in the complex
plane of the interaction strength, where the
superconducting phase transition occurs at the edge of
the distribution. A previous study [20] on Fisher
zeros in pairing fields focuses on a finite-temperature
phase transition by making the temperature complex. In
contrast, we focus on the zero- temperature quantum
phase transition by making the interaction strength
complex.
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Furthermore, we employ a renormalization group (RG)
to investigate the universality of the distribution of Yang-
Lee zeros for a generic quantum many-body system with
a marginal coupling. In particular, we show the semicircle
theorem: Yang-Lee zeros in a quantum many-body
system with a marginally relevant coupling are distributed
on a semicircle in the complex interaction plane, in
contrast to a full circle of the original Lee-Yang circle
theorem [1,2]. This general theorem demonstrates that
the geometric
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shape of the distribution of Yang-Lee zeros is directly
connected to the existence of the Fermi-surface instability.
Last, we investigate the nonunitary criticality in BCS
superconductivity which originates from the Yang-Lee
singularity. By determining the critical exponents, we show
that the nonunitary singularity belongs to a universality
class distinct from that of the Hermitian superconducting
phase transition. The unconventional quantum critical
phenomena are caused by exceptional points where a
nonanalytic excitation spectrum emerges near the Fermi

W22 R AR S PR R AN € R A AE BB
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surface [30].

K [30],

complex in general, so is the energy Ejy. In the following,
we assume that the density of states p, in the energy shell
is a constant. The gap A, is then given by
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SEORVRS %, fit s Bk b, 75 T, ]
iz HE%%EE{H AT p 02— NHH. [ 80  which exhibits an essential singularity at U 0.
T s it BAEU 0 LI — A A A
W) The partition function is given by
A ; (4) Bc 73 R E T g H
Nk Tﬁ\u/ v
8§ wD; (4) Z = Zy= (1+eF), (5)
U
ZOU z = VZk = Y(I+e BEk); = (5)

0

Yang-Lee singularity in superconductivity.—We con-
sider a three-dimensional BCS model [30,31]

G- A . — AN TS — 1~ =2 BCS
(30, 31]
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k;

= L whose absolute value is shown in Fig. 1. Here, f3 is the

inverse temperature. The Yang-Lee zeros of our system
are
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d by zeros of the
partition function

in Eq. (5) where

Re( k) = 0 and
Im(BEx) = (2n +
1)m,n € Z. This
con-

where & e — p is the sm%le particle energy measured
fr(glm the chemical potentia 1, | is the spin
index,

o, €k ek ML w W K R T Al
%’ 0 T l TEﬁE%TE &

and U Ug iU; is the complex-valued interaction
strength. The creation and annihilation operators of an

electron with momentum k and spin o are denoted as ¢’
iU UR iUT 2 BAEAH EAF B . shEA k BPHIEN

o [T AR A K SR IC A ¢
%ﬁd Cros resp]:%c ;J\/%Ihe prime in , indicates that the

P

(=Nl e

R BRI & e . (B) ﬁEFRe(Ek) =
0, Im(BEk) = @2n + 1), n € Z, X/ con-

dition is satisfied in the thermodynamic limit if ReA, 0,
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Wk re 80 0, FAJTI AR 2 26T,

which agrees with the condition of phase transitions. It
follows from this condition that the positions of Yang-
Lee zeros satisify

RIFEARR KA NXADFAT UGN, B-2F

sum over k is restricted to & < wp, where wp is the
energy cutoff and N is the number of momenta within
this cutoff. Note that the non-Hermitian Hamiltonian (1) is
used to investigate Yang-Lee zeros of closed systems as
opposed to open systems in Ref. [30].

K B sun BT £k < oD, St op Jyhe &ALk
B, NNZBULEN SRS . EE, dFERIE
() RHARMAHZZRNHARG, MARLTFHER
GES5*% . [30].

A non-Hermitian generalization of the BCS theory is
made in Ref. [30], where the mean-field BCS
Hamiltonian

22 SCHR [1] 04 BCS FH i fF 1 JRIRIROK e HET
[30], FHrpFi437 BCS Myt
is given by H = &c’' ¢ + [AFcc +
EEE =Ecct [bc cthl M

L

R B A2

(potUr)* + (potU; — 1)* =1;  Ugr > 0. (6)

(p0OnUR)24(p O UT 1)2 = 15 UR > 0. (6)

Note that these points coincide with the exceptional
points where Hyr is not diagonalizable [30]. The Yang-
Lee zeros are distributed on a semicircle in the complex
plane of the interaction strength U depicted as the
boundary of the gray region in Fig. 1. In the yellow
region in Fig. 1, the energy spectrum E) is gapped and Z
- 1 in the zero-temperature

N4 A~AAa
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Aocy.C_p 1+ (N/U)AD,, with  the sq:perconducting
gapsA — U/N ¢ ¢ andA P U/N kL(C ct )
Here, (A = (B)G‘SIAIBCS)R, wHerex: k1) R 0=
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the origin, which is consistent with the fact that the
Euperconducting phase transition occurs at the origin.
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The essential singularity at the superconducting phase

BCS g and BCS y are the right and left ground states of

the Hamiltonian Hr given by [30]

BCS RFIBGS Ll il HMF (o 2 2t el Rl

i [30]

Y
IBCS)r = (ux + vic' ¢! )10); (2) |Z|
'BCS)R = Y (FEE+vke c+) |0); 2)
Y
IBCS). = (U, +Vv "¢t ¢, )I0);  (3)
Ibes)l = y(u * k+v * KC ck | ) |0); (3)

where 0 is the vacuum state for electrons, and uy; Vi, and

v- « are complex coefficients subject to the
normalization condition u® vxv™ 1. These coefficients
can be deter- mined in arstandard manner and given in
Supplemental Material [32]. Since the right and left

ground states are not the same, A, # A vand VT =
Vv in general. Here, we

S 0 il T AR, uks vk FTY K RH R, i
WI— {0 02 Vv & 1. 358 Z8T DU bl s
L I AN AR (32) . T A M
FE. B0 6% 0Rlv kst v R T . fERH,

W e SRR
spectrum Eyis given by [30] Ex = &2+ N 2,
where

woow Ekom K 3 @ [30]ek
=qffi & ffiffi2ffiffiffi+ffiffiffiffi o fAfAffff2ffiffi, MFHE
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FIG. 1. Absolute value of the partition function Z of the three-
dimensional BCS model as a function of the real and imaginary
parts of the interaction strength U Ug iU; in the zero-
temperature limit. The boundary along which the partition

Bl —. =4k BCS BB IRC A R EL 7 INAEXHE, AE TR R
KE;E;%VEH%%}E U UR iU FRSFBAIRE A R B 70 X T
i

phase boundary, the value of the partition function is not shown
due to the breakdown of the mean-field approximation [30].
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partition function. According to Eq. (5), each factor in
the partition function contributes to one root if and only
if Re Ex 0 and Im BEx 2n 1 n for some

sEs. RIEER.T6), madsd B AmT
§ﬁ~¢wéﬂméRe&oﬂumﬁwzn1nﬁ
ﬂ;b —
n € 2z Therefoge, ) the
partition
n € Z. Kk, BInmRE H

function in the co ﬁlex energy space is given by the

52 RE A ] A ) R S

number <of )roo?s (o? the

number of integer n satlsfylr(l%2 Im BE, 2n 1 7 for Im_ (

BE, € 0 BIm A, [see Eqgs ) (15) in Supplémental™
Material [ . From Eq.) (4), we h ve)
XT? Im B Ek € 0, W2 Im

BImSO[ W2
[32 el Eq. (18, Bl

to a stable nontrivial fixed point in the Hermitian case and is
the only one that includes the critical line. The BCS
model belongs to this case. The RG-flow diagrams for
these cases are shown in Supplemental Material [32]. By
applying the Wilsonian RG analysis of the fermionic field
theory [35], the RG equation of the BCS model up to the
two-loop order including the self-energy correction is
written as [32]

+

fwﬁmwm (12)%13) = (+
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Bl ANRE AR AZ R I MBS IR AL /KILRG 70 #r [35], AHEH RER LAY BCS B ¥ RG J7
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XEEHF L RG AR [32] o I B B oK B G H B

AV ino} g
Im(A Vv —
sz_ol _ﬂ;oz;D_ 7) v %4 _2V. (11)
x=Bim(50) - 7

p U
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dt =V 2V(1&#) (
T U
_ nchoshC R]
A ( 1A

o |

0

in the zero-temperature limit, where the spin-degeneracy
factor of two is included. Near U 0, the gap takes the
R R T, ERERMIEET A 2. fEU 0K,

[i1] B HX

forrn of Ay 2cwp exp — 1/p ce the phase boun-

ary is tangOEnt to the real%ms whereF[R; ﬁﬁpwe may put
(7) near the origin, o tamm

<< UR ﬁﬁz;t 5 @%Tt = e 1%@%@—% N

At i, /5

x=—A0| . (8)

n

X =B A | .(8)

n
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From Eci (11), we find a 1 and b —1/2 in the
canomca RG equatlon (10). A similar RG equation

ﬂ%ﬁ Eq. (11), ATEIEN RG T FEH L E] a 1
B1/2(10) . KM RG HriiAs

been obtained for the non-Hermitian Kondo model [36].
Note that the sign of the parameter a does not influence
the

23] 7 4EJE K Kondo 74 [36]
AN

physics of RG flows since we can reverse its sign by the

ZH a AT

TN
THVERS

Equation (8) relates the number of roots y of the partition
function to the superconducting gap A, on the real axis.
530(8) KRSy e B IAR S x 5 Sl 8 3 1A B
6 0 I AR .

replacement V' - —V. For a system with b < 0, there
exists a critical line which separates the trivial and
nontrivial fixed

RG it B0 AL 5T Ijﬁ*/:ﬂ]TuLL B e Vv K %
HHRT 5. XTI b < 0MRG, FE=knfakX
S5 AR R s fi

points. Every point on the critical line flows toward an
infinite fixed point (Vg; Vi) = (— a/(3b) ). After
inte- -
7o lIm At bR — SRR 1A — A JE R [ 2 5 (VR
VD) =(a/(3b); o). FEHHRMZ 5

the critical line as g —
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bV, bVI

The condensation energy AE = F(A,) — F(0) [33], + = arctan + arctan
where &y ’ lal V2 +V* a Jayo+=Vg

AEEfe SE = F(80)F(0) [33], fEMEHE arctan V
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T a arctan a + bv a+bV

F is the free energy, can be obtained from the number of R R

A2 HHRE, LI R 1735 S
roots y as [32]
R x as[32]
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f”i’ | (12)
12

g ™Neo x° .
A x Near the origin, Eq. (12) can be expanded as

SEm2np QX 22,
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V.,  brn

For a general phase transition with spontaneous symmetry
breaking and order parameter A, with the dimension of
energy, we have AE « x* [34]. The condensation energy
is thus directly related to the number of roots y.

AT AR ER B — BORIE, 2k 5 0 LLfe it
MR, FAEE] SEBee x2[34]. K, HERAESIR
Hox HAEMC.

Semicircle theorem.—Here, we show that the semi-
circular distribution (6) of the Yang-Lee zeros is generic
and universal in quantum many-body systems. We consider

FUHEEH , — X, FeAHRE TG 531 (6)
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