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Abstract

Abstract

Operator theory is an important field in the study and discussion of math-
ematical problems, which reflects the essence of many mathematical problems
and has profound research significance. The local spectral radius and numeri-
cal range of linear operators are important tools to understand the properties
and structures of linear operators. Based on the definition of classes of con-
tractions, local spectral radius and numerical range of linear operators, this

paper propose a new concept: Radical numerical range.

Definition. A € #(H), the radical numerical range of A is denoted by
F(A) ={h(A,z),z € H,z # 0}.

where h(A,z) = lim (|A"|x, z)'/",

n—oo

This paper studies a series of basic properties of radical numerical range

for this new concept.

The first chapter introduces the idea and background of the new concept

of radical numerical range and the structure of this paper.

The second chapter gives some basic properties of radical numerical range,
including the radical numerical range of multiplicative operators, the range of
the radical numerical range of operators, and the radical numerical range of
direct sum of finite operators is equal to the union of the radical numerical
range of these operators. Finally. It is pointed out that the radical numerical

range of unitary equivalent operators is equal.

The third chapter introduces the radical numerical range of weighted shift
operators, gives the general formula for calculating the radical numerical range
of weighted shift operators, the more accurate range of the radical numerical
range of weighted shift operators. Gives the relationship between the radi-

cal numerical range of injective weighted shift operators and its approximate
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Abstract

point spectrum, furthermore, points out that quasi-similar injective unilateral
weighted shift operators have equal radical numerical range. Finally. Finally,
gives two methods are given to determine whether the bilateral weighted shift

operator is strongly irreducible by using the radical numerical range.

The fourth chapter introduces the equivalent definition of the radical nu-
merical range of normal operators, and points out that the radical numerical

range of quasi-similar normal operators is equal.

Keywords: Radical numerical range, Local spectral radius, Weighted shift

operator, Strongly irreducible.
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ETE RBUEEAHEBXMR

ENX2.0.1. % H 5% % Hilbert 250, A € B(H), & X A FIHRE
I F(A) N
F(A) ={h(A,z),z € H,x # 0}.

ot h(A,2) = Tim (A" |z, 2)"/".
n—oo

fiiE CATUAE H h(A, ) 55 = MOTEHOE, Bt DR ol BB [lof| = 1.

HF A DJRESEAE r(A ) AU R
(D)r(A, z) € [0,7(A)],
(2)r(aA 5$) la|r(A, x),VB #0,a € C,
(3)r(A, A*x) = r(A x),Vo € H k € N,
(4)7’(Ak,x) =r(Ax)k vk € ZF.

TREEHT AW (A x) ZEBE R
M R2.0.2. A€ B(H), N A GRFALBA AT HR
(1) h(A,z) €[0,r(A)],
(2) h(aA, Bz) = |a|h(A,z),¥8 #0,a € C,
(3) h(A, Akz) = h(A,z),Vx € H k €N,
(4) h(A*, 2) < h(A, )k Yk € Z*.
I
(1) X{EEx e H, A
h(A,z) = n@(lAn\asz”
< Tim ([[]A™]]] (%)
= Tim [A"]V"
=r(4),
FEE h(A,z) € [0,r(A)].
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(2) X h(aA, Bz),Vz € C, H
A, Ba) = T |57 (o)l )"

— Tim n n 1/n
Jim (ja”|| A"z, z)

= lafh(A, z),
HRIE h(aA, Bz) = |a|h(A,x),V3 #0,a € C.

(3) fEE ke N[HE, X{tEz e H, f
h(A, A¥z) = Tim (A™F| A" ARz, )V
n—00
_ m <(A*2kA*nAnA2k)l/2.’E,33>1/n
n—o0

= T (| A2z, ) /s 2ems 2/

n—o0

= h(A,x),
RIE h(A, A¥z) = h(A,z),Vo € H k € N.

(1) 4F5% k € 2+ [, RHERE h(Ab, o), &
h(A* z) = Tim (|AF |z, 2)V/"

n—o0

= (lim (|A™"|a, z)/E")"

n—o0

< h(A,z)",
M h(A* 2) < h(A,2)* Vk € ZF.

51¥82.0.3. FA K43 {an}nen, {bnfney # & lim a, = a, lim b, = b,
AR A

lim max{a,,b,} = max{a, b}.
n—oo

P AL a > b ERRER E SURIXT Ve, IIEREL N, AF15 n > N B,
Ha,<a+eb, <bt+e<a+e HARFZIWLE a, >a—¢e,b, >b—e.
W ¢, = max{a,,b,}, WX EiR e N, Bn>NWMNEc, <at+e HELFZ
B2 ¢, > a —e, BIEI {c,}nen A LR a. B {max{a,,b,}}, o BT L
WA a. n
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EIE2.0.4. 3 VA, B € B(H), H

F(A@ B) = F(A) U F(B).

JEEH X} Va,y # 0

h((A® B), (v,y)) = lim <

= Tm ((|4"|z,2) + (IB"|y, 9)) ”".

A
h((A® B),(2,y)) > m (max {{|A"e,z), (| B"|y,4)})""

= lim max{ |A"|x, 5L‘>1/n (|B" |y, y>1/n}7

h((A® B), (x.y)) < T (2max {(|A"]z,z), (|B"[y,9) )"
= Tim max {(|4"]z, 2)"/", (| B"ly, )"} .
B a, = (|A"z,2)" by = (|B"ly, )", 1 (PERR2.0.2) 1 {an}, {bu} RATHF
0, M (5132.0.3), H

llm maX{ |A" |z, )™ (| By, y)l/“} = max{ lim <|A"|x )/, hm (|B”\y y>1/n}

B A ((A® B), (z,y)) = max{h(A, x), h(B,y)}.
T a € F(A®B), W 3z, y (13 a = h((A®B), ( ), X h((A® B),(z,y)) =

max{h(A,z),h(B,y)}, W a € F(A)UF(B), # F(A® B) C F(A)U F(B).
F—J7, B F(A® B) D F(A)U F(B),
%I, H F(A® B) = F(A)UF(B). u

#i£2.0.5. i VA, € B(H),N < oo, H

N N
F(o A, = nglF(An).

n=1
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S BUEIEGE N, RIS B EUE A — 2 S T A T
EIIF, F i (EE2.0.4) AR, 557 AR BB I8 5 HL AR AT A i X1,

EIH2.06. % A Bec BH) L ABENTF B, 0 F(A) = F(B).

IER O A SN T B, IFENR T U e B(H), 1§ UAU* = B,
Xt Va € F(B), 3z 15 a = h(B, z), WIH

h(B,z) = lim (|B"|z,z)'/"

n—oo

= Tim ([UA™U* |z, z)Y/"

n—oo

_ m <(UA*nAnU*)1/2(L’7I'>1/n

n—oo

= lim (UA™A"USY2UU* 2, UU )Y/

n—oo

= lim (U (UA™A"UNY2UU z, U*z) V"

BT (U (UA"AUN)Y2U)? = A A, HIEE AW —IE TR, T2
U*(UATAMUNV2U = (A™AMY2 = |A™|. W h(B,z) = h(A,U*z), T5&
F(B) C F(A).

[FEE, F(A) C F(B), # F(A) = F(B).
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