Chapter 6

Determinants



Overview

In this chapter we introduce idea of the
determinant of a square matrix. We also investigate
some of the properties of the determinant. For
example, a square matrix 1s singular if and only 1f
its determinant is zero.



Core sections

¢ (Cofactor expansions of determinants
¢ Elementary operations and determinants
¢ Cramer’s rule

¢ Applications of determinants: inverses and
Wronskians



6.2 Cofactor expansions of
determinants

If A 1s an (nxn) matrix, the determinant of 4, denoted det(A)
or |A4|, 1s a number that we associate with 4. determinants are
usually defined either in terms of cofactors or in terms of
permutations.

Definition6.2.1: Let A=(a;) be a (2x2) matrix. The
determinant of 4 1s given by
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The method of (3x3) determinants:
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Definition6.2.2: Let A=(a;) be an (nxn) matrix, and let M,
denote the [(n-1)x(n-1)] matrix obtained by deleting the rth
row and sth column form A4. then M 1s called a minor matrix
of A, and the number det(M,,) 1s the minor of the (r,s)th entry,
a,.. In addition, the numbers

4, =(=1y" det(M,)

are called cofactors (or signed minors).

Examplel: Determine the minor matrices M,,, M,,;, and M,
for the matrix A given by

A=12 3 -=3|




Definition6.2.2: Let A=(a;) be an (nxn) matrix. Then the
determinant of 4 is

det(4) = a,,4,, + a,, 4, +L +a,,4,;
det(4) = a, 4, +a,4, +L +a,4,;
det(4) = a4 +ay;4,; +L +a, 4,

where Aij 1s the cofactor of a;.

Example2: Compute det(A4), where




Example3: Compute the determinant of the lower-triangular
matrix 7, where

300 0
1 20 0
T =
2 3 20
14 5 1

Theoremo6.2.1: Let 7=(¢;) be an (nxn) lower-triangular
matrix. Then the determinant of 7 is

det(T’) = fytpt;; L 1,

Obviously det(/)=1.

6.2 Exercise: P, 21,34 9



6.3 Elementary operations and
determinants

1. Elementary operations

Theoremo6.3.1: Let A=(a;;) be an (nxn) matrix, then

det(4" ) =det(A).
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Theorem6.3.2: Let A=(a;) be an (nxn) matrix. It B 1s
obtained from A by interchanging two columns (or rows) of A,

then
det(B)=—det(A).
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Theorem6.3.3: Let A=(a;)) be an (nxn) matrix and B is the
(nxn) matrix resulting from multiplying the ith row (or
column) of 4 by a scalar k, then

det(B) =k det(A).
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Corollary: Let 4=(a;) be an (nxn) matrix and let k be a scalar.
Then
det(k4) = k" det(A).
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Theorem6.3.4: Let A,B,C are(nxn) matrices that are equal

except that the ith row (or column) of 4 is equal to the sum of
the ith row (or column) of B and C, then

det(A4) = det(B) + det(C).
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Theorem6.3.5: Let 4 be an (nxn) matrix, and 1f a multiple of
the ith row (or column) 1s added to the jth row (or column),
then the determinant 1s not changed.

dyp QA o dyy dyy P iy
a, a a.
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Corollary: Let A be an (nxn) matrix, and 1f the ith row (or
column) 1s a multiple of the jth row (or column) of 4, then the

determinant 1s zero.
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Theorem6.3.6: A4 is an (nxn) singular matrix if and only 1f the
determinant of A4 1s zero.

Theorem6.3.7: If A and B are (nxn) matrices, then

det(AB) =det(A)det(B).

Theorem6.3.8: If the (nxn) matrix 4 1s nonsingular, then

1

det(4)#0, and det(4')= :
(4) (47) det( )

15



2. Calculate determinants by using properties

(1) Object: Transform matrix to upper(or lower)-triangular
matrix by using elementary operation;

(2) Instrument: Creating 1 and 0 by using properties of
determinants;

(3) Principle: Elementary operation and properties of
determinants.
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Examplel: Calculate determinant

Solution:

4 1 2 5
1 210 2
D =
10 512 O
1 141 7
L 117 b1 1 7
x (=D|x A0 x(-
2 1012 O I -1 =5
| == x3
10 S 2 0 0 =5 =8| -70
4 1 2 5 0 -3 —-21-23
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Example2:

Solution:

Example3:

Solution:
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