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Abstract

In this paper, we put forward Fourier spectral approximation of fourth-
order eigenvalue problems under periodic boundary conditions and spectral
element method for second-order elliptic intersection problems with vari-
able coefficients.

For the Fourier spectral approximation method for fourth-order eigen-
value problems with periodic boundary conditions, firstly, we introduce the
appropriate Sobolev space and the corresponding approximation space ac-
cording to the periodic boundary conditions, establish a weak form of the
original problem and its discrete form, and derive the equivalent opera-
tor form. Then we define an orthogonal projection operator and prove its
approximation properties. Combined with the spectral theory of compact
operators, we prove the error estimates of approximation eigenvalues. In
addition, we construct a set of basis functions of the approximation space,
and derive the matrix form based on tensor product associated with the
discrete scheme. Finally, we provide some numerical examples, and the
numerical results show our algorithm is effective and spectral accuracy.

For second order elliptic interface problem with variable coefficients
in a circular region, firstly, because of the polarity transformation, pole con-
dition and fourier basis function expansion, the original problem resolve
into a succession of independent one-dimensional second-order problems
about radial variables. Furthermore, the weak form and relevant discrete

scheme are established. Secondly, according to the regularity of variable

v



Abstract

coefficients, we construct a spectral element method based on piecewise
high-order polynomial approximation, and then by taking advantage of the
orthogonal property of Legendre polynomials, we construct a set of appro-
priate basis functions, so that the coefficient matrix in the discrete scheme
1s sparse diagonal matrix in the case that the variable coefficients are piece-
wise polynomials. Finally, some numerical examples are presented, and
the numerical results show that the proposed algorithm is convergent and

high-precision.

Key Words: Periodic boundary; Fourth-order eigenvalue problem; Fouri-
er spectral method; Second Order Elliptic Intersection Problem; Spectral

Element Method.
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SR B8 — b e R P A 7

SR, AR DA 8 T R T B 5% A i DU B R AE {8 17) @ Y Fourier 3 & 1T F) A
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F2E MEFHEH

N T BB R T IE, ASCEH 7 KR BAT R R SR 9307 BEAN A3 i
FE, JRESR G I T eI .

2.1 SobolevZs|g]

EARSCH, TRATE R Z A A F [ SobolevZs (], [Klitk, FATE LIEAT S
— 145 i Sobolev ZE[RIW P(Q) (k € N, 1 < p < 00) HIE Lo TENHAWEP(Q)ZHT,
Jegi A LP(Q) I 7E X

EY 21 %1<p<oolf, it
LP(Q) := {u : ut KBQATME, F B|u|| o) < oo},
HF, H1<p<oott,
||U||Lp(Q) = </ |u(;1:)|Pd:B) ,
Q
Ly = oo,
|u]| Lo () = esssup |u(z)].

€

E X 2.2 SobolevE BWHFP(Q) & XL AT A K& 8 F R EABNEN FHK3 5
TLP(Q) 9=, AHFRiE KT

WHEP(Q) == {u € LP(Q) : D*u € LP(Q),Vaith & |a| < kY,

b Doui= A (o] = art o hag R RS F ARG 8K . WhH(Q) %

8] 49 TR A FTEHGER W R XA

1 1
|ullkp.0 = (Z |DauLP(Q)) s |ulepo = (Z Da“ip(g)) ;1 <p<oo.

|| <k |a|=k
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H 21 HHH, Sk=0,p=28, WO(Q) = L*Q), REEHK—MT
| -ll; Hp =28, Wk2(Q) iR A H*Q), HLEAFEHHTH] - ||p F=| |z
H*(Q) & — £ % B #Sobolev % ], b4e e — Wi 48 A ¥+ % K #9Sobolev =
MHY(Q) == {u:u e L3Q), Du e L2QYAHNQ) := {u: u e H(Q), ulpgg =
0}o

2.2 JacobiZInz,. LegendreZ% NI\

2.2.1 JacobiZInz

FEARTT, FRATHE e/ HiJacobi Z A E XAFEAMEST, ER LD
M —REHIERZ T,

e, idJacobifl B Hw> P (z) == (1 —2)*(1 +2)%, 0 € T == (—1,1). IR,
w(x) € LMI) M HA B0, 8 > —1.

5E X 2.3 Jacobi % M X ATAE I (x), €A XA KA EH X TJacobiAl &
RKw*P(z) B %S, R
/Jf:’ﬁ(x)(]%’ﬁ(x)wa’ﬁ(x)dx =0, Im #n.
I
1B 2.1 JP(x) & Sturm-Liouville[?] 22 &9 #F 428 4 (35) 1) Bpig R AT
F X

Lag Iy (@) = NyP T (w),
%P

Lopu= (2" = 1) Qu+ [a = B+ (a+ B+ 2)x]0pu

AP = n(n+a+B+1).
BT 2.2 Jacobi% IR X AL LA 4 T 4 i 4 £ Z 1461,

T (@) = (axPa = 00°) TP (x) — P T (), > 1,

JeB@) =1, JP() = 2(a+ B+ 2z + o(a—p),
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HF

4B 2n+a+B+1)2n+a+5+2)
" 2n+1(n+a+p+1)
ba,ﬁ_ (52_042) (2n+04+5+1)
" 2m+Dn+a+B+1)2n+a+p)
wp_ (n+a)n+P)(2n+a++2)

T D tat Bt D2ntat )

Y

AL 2 )R AL Soblev 2 7] 140);

Li(I) := {u : /u2wdm < —i—oo} :
I

HED) = {ue L2(I): Que L2(I),i=1,2,-- ,k},

H(’;W(I) :={ue€ Hi(I): Qu(xl)=0,i=0,1,--- , k—1},

S| - B - o S BIRIL(1) FOHE(T) R (uli = [[05u]|, HL (D)
IR SN

2.2.2 LegendreZ%IN=\

Legendre % Wi i FHMIEARZ 2 T2 —, —MH L, (v)FR"nikLegendre%
W, B =1, BHEEIacobiZ A EH W™ = (1—2)7(1+2)7H
fibro = 7 = OB HUTE L, HP:

1

2
/ Ly (x) Ly, (z)de = Crmns

-1 2m + ]_
Hr,
1, m=n,
Omn =
0, m #n.

TR TR 4 A KLegendre 2 Tzl 3L A i . Legendre 2 Wi =3 2 W1 F i =
T HER R
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A, Legendre 2 Wil A i T — L85 FH 145 :

2’ 1
[ 1) = 5 (aia@) = Loa(a))n = 1 e8)
1 ;
Ly(x) = %—H(LnJrl(x) — Ln_1()), (2-2)
La(1) = (£1)", T (1) = (1) n(n +1), 2-3)
()| < gh(k+1), 1< <1, (24)
1
(/me:m+5*, (2-5)
. 2
(1 —2*)L! () = nL,_(x) — nxL,(z), (2-6)
n—1
La(x) = > (2k+1)Li(2), 2-7)
k=0, k+nodd
n—1
" . 1 _ -
L'(x) = k_o’kzﬁmw +5)(n(n + 1) = k(k + 1)) Ly (). (2-8)

23 BEMHERY
AT DA 8 A1 A1 8 8 LT B M SR FOARGE B A9 7 s S L
R BT etk A L]0, 2] BRI E L

TN 24 HEML0,27] 8 A AREA e TR A
1 2

(¢,9) ¢(0)(0)do,

HA, (0) Za(0) 89 B3,

F22 ASEFRAES, KRMN—AKRERES ARG R B AR

=z

1
N 2 d(0;)1(0;),

J

(¢7 7p)N =

Il
=)

A0, =2 0< i< N-1. #HEE, (p,0)v =0F R &E%RHFS =0, AR
Pl £0; BALAR A K.

G55 7€ 2.4 KA A e = cos O +isin®, AL HH H 5 e B0 E
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EX 25 HEAR{KE, =*(i=-1, k=0%1,42,------ ) R EAE
W L2[0, 2] LAy —m E Sk, Bp

1, k=m,
(EkaEm) =
0, k#m.

FATVE AL RERT LL2m A IR eR 4 f (0) AR AR T S Ad B e

f0) =) fre™ = Zﬁm (2-9)

k=0

o fi 2 Ad B JE T 28
THEAVE A B IEZ 2 # ., 41 = (0,27), B X(2M + )4 =51

Xy = span{e* . —M < k < M}.
R Py LP(I) = Xpr2 LPIERZBGY, € 3N
(Pyu —u,v) =0, Yo € Xy
AR Py B 208, H
(Pau)(z) = ) we™,
Hrpay, = (u,e*) = - 027r u(z)erdz

EHL 2.0 Ve e HM (A0 < p<m®), #

I Prr = w [luS MP" [l

2.4 HERZMZInI

95 B M 45 TR T 7 PR 76 VA0 e — 4 R ) R 9 T L g
15 B8 75 25 IRV A Fh 4 B S M B8 KAL), AR 2 M TE 3k — e 9V,
E SR X AT = [a, bE RS 3147

a=20<T1 < - <X 1<x;<---<xy<zTni1 =D,

FEI53 N + INFHARINX BT, = (20, 2pga](n = 0,1, - - -, N)REEANX 61, A
Mon, HKEh, = 1,00 — 2, XICh = max hy,.

0<n<N
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EN 2.6 EX—HEZMARTTNEY,, #HL;
(Do, € Vi BFEAE L, £ R BB
)y € Vi 2 R 18] [ 424

B)vp(a) = vi(b) = 0o

H1E X 2.65€ LA [A]V), /& B S i B0 (] O/ (1) — DNZE T2 8. B0 46
ERGHIECIESS

x;]xj;17 Tj—1 <z < Ly,
¢J($) = %, Z; S x S LTjt1,
0, HoAth

\

Hej=1,-- N, WV, = span{p;}}’ -

2.5 Lax-MilgramE 2 #Cauchy-Schwarz N ZF 3

EPE 2.2 (Lax-Milgram® #2) &V & —/MBanachZ ®], a(-,:) : V xV —

R)a{"‘/l\iiéi‘]'iﬁ/;f&, EPXﬂ"fnf:ff’Tﬁ{Jul,uQ,vl,vg < Vﬁﬁ?’:%{ial,ag,ﬁl,ﬁg, %[375

a(aquy + agug, v) = aralug, v) + aga(ug, v),

a(u, frv1 + Pave) = fra(u, vr) + Boalu, va),

Hoiw 2
(O #rt: a(u,v) = a(v,u),Yu,v € V;
Q)& LM FEFHM >0, 7

| a(u,v) |< Mlullv[lv]lv,Vu,v € V;
Q)VHEEE: FET &a >0, 257
a(u,u) > allully, Yu € V.
LARF(v) 2V Eeg A F &Mz, WEHFHAE
a(u,v) = F(v),Yv €V,

ﬁuﬁ'—éﬁﬁguo G Vo
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X 2.7 PV ||ul| = \/(u,u) A Hilbert = 18] F 49584, M4= T 49Cauchy - Schwarz 1~
|(w, 0) < ul[fo]]-

A R A= L2 7% 8] 9 849 P AR 34 &2 89 Cauchy - Schwarz 7~ 5 KX 89 75 X 2

|inyz-| < {fo}%{zyf}%, (2-10)

szl < I{ZxQ}Q (2-11)
| / fode| < { / frdeyH / o}, 2-12)
I/Qfd:vl < {/Qdex}QW, (2-13)

HEPVEQKRAR,



oA LN 1 R A9

F38F FEHBRZETUM4FEE )R A Fourieriti@ia
FMIRE T

FEA T, JATR A4 WG 52 08 N DU B Ry Ak E ] A — Rl A 2K
[fIFourieri i@ J7i5. B, MRYEHWILF KGN T & ZSobolev 4[] FIAH
L RIE T2 A], ST TR R A g U B R I, R HES T EM I
T Hk, T IERBEE T, JREY B, 4ERE TR
HARUEY VIR E R IR Z A T 534k, 3G TR I A R ) 2 R A
S T EHos NE TR ERNEREEA. &5, ST —SEBEE, HESS
R HL LA R R L 1 o

3.1 AR EERIBN
AR, AT F5 AT 0 DY A A

Ay — V(aVu) + Bu = Au, (z,y) € Q, (3-1)
u(x,y) = u(x + Ly, y), Opu(r,y) = Opu(x + Ly, y), (z,y) € Q, (3-2)
u(r,y) = u(z,y + Ly), Oyu(z,y) = yu(x,y + Ly), (z,y) € Q, (3-3)

Hra—N3E0E AR (L, L) B AR, g2 —MERRE, Q= (21, 2r) ¥
(Yr,yr)s Ly = xr — xp, Ly = yp — yro I HEHEFB-1)-3-3) 5578 2 & H 5= #
#% HH®(Q)&RskrSobolev 28], || - [lso A - o0 73 AR RH(Q) HFHIVEEL
FEad. Fealth, ATH

H°(Q) = L*(Q) = {u ; / lu|? dedy < oo} ,

Q

FHSE [T PN AR AN Y 25 2 ) A«

() = [ v dedy, Jull = ([ fuf dady)

Q Q
5E X Sobolev % [H]:
H2(Q) = {u € H*(Q) : wifi & WL F 5% (3-2)-3-3) }

10
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FH LR A AR RIS 303 )

2 2
(w0 = Y / DouD®G dudy, [ulle = (3 | D%ul?)?,
Q

|ee|=0 |a|=0
Hrp
N oled
a = (041,042),|a| :Oél+062,D :W.

AR A AT RI(B-1)-(3-3) 88N A e C, 04 ue HX(Q), €17

a(u,v) = Ab(u,v), Vv e H(Q), (3-4)
Horp
a(u,v) :/AuAvd:cdy+/aVquda:dy+/ﬁuvda:dy,
Q Q Q
b(u,v) :/u@dxdy.
Q
JE AN H 38 1T % 18]

Xu(Q) = span{e2™ L5 k| = 0,1, M, |j| =0,1,--, M},
557 G- BB g R iy € C, 0 # uy € X, (Q), fH15

CL(UMa UM) = )\Mb(uMa vM)a Vo, € X]\/I(Q)' (3-5)

3.2 iREMIT
FEI% — A5, FRATTKEE B 38 A R 2 i, Tak — AN AR B
(t(L,, L,) MBS, WA

a, = inf a(z,y) >0, o := sup a(z,y) < . (3-6)
(z,y)eQ (z,y)€Q

T 6z, y) & — DA FREL APHERBEL (2, y)ivi 2 T I A2 AT

By = xiil)fgﬁ(x,y) >0, 8" := sup B(r,y) < oo. (3-7)

(z.y)€ (z,y)€Q

11
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FL L, Ap(r,y) <0, FATRTERITREG-DIL AT BN B
A%y — V(aVu) 4 fu = M,

Hg=p4+K A=\ +K, WREK UK, SHERAERHCEMGT. Ak
et 4
$L:yL:07mR:yR:27T7

WL, =L,=2mr, Q=(0,2m)x(0,27). AT HERHFE, FATHa < bFRa < O,
Horp O R T Z 00 B H AT 2 B BB S 1K

5|3 3.1 Vu,v € HX (), W35 Xk =

/ OpyuOpytdrdy = / a0y tdxdy = / Opa U0y udxdy,
Q Q Q
/ OpyuOyyvdzdy = / OOy vdzdy = / Oyy U0y, vdzdy.
Q Q Q
WEER R A UH
27
/&Cyu(‘)wudxdy:/ 8$yu8yu|£_g”dy—/&myu@yudxdy
Q 0 Q

2 2

=/ Oy, |2 dy — 0 OOyl =" dz + /Q a0y iddy
H Ji 13 A2 A (3-2)-(3-3) W A5
Opyu(x,y) = Ogyu(x + 27, y), 0yu(z,y) = Oyu(x + 2m,y),
Oppti(,y) = Oppu(,y + 27), 8yu(z, y) = d,u(x, y + 2n).
lES)
Oryu0yul2=8" = 0, Dypudyti|)=y" = 0.
PRl
/Q Oy, iddy = /Q Op iy tidzdy.

K BB AT 15

/ OpyuOpytidxdy = / Opa U0y udxdy.
Q Q

12
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[ B AT L

/ Oy Oy vdzdy = / OOy vdzdy = / Oyy U0y vdzdy.
Q Q Q

[
1#32 Vue H}NQ), MTFIRF sz
2 Lo 1 2
Q 2 2 Ja
2 Lo 1 2
|0yul“dedy < Z||u||* + = [ |0yyul*dxdy.
0 2 2 Ja
JUERR  HHCauchy-Schwarz NS5 X AMEAE XA
2m 2m
/|(‘996u|2 dxdy:/ / O ud,udxdy
Q
2 2m
—/ ud,u|* =5 dy — / / U0 udrdy
2m 2m L |
/ / uOyudrdy < ( /]u\ dxdy)z( /|6mu] dxdy)?
1 2,
< ghulP =5 [ ouafaody
EEEIECE
2 Lo 1 2
|0yul“dedy < —||u||* + = [ |Oyyul“dzdy.
0 2 2 Ja
[

E B 31 Fa(r,y), Blzy)sn Al L & HG-6)43-7), Ma(u,v)H & X
FEHZ(Q) x HY(Q) Loy B EL QAL L, PP

lau, v)] < M7 [[ull20llv]20,

alu,w) > M.|ull}q,
S M* = max{1,a", §*}, M,=Lmin{l,5}.
MERR 15 3.1 F 15
/Q AuAvdzdy = /Q (022t0pp ¥ 4 OpzttOyy0 + OyytuOap + Oy Oy, ) dxdy
= /Q (OO U + 20403y U + Oyyyyu0,yy V) dxdy.

13
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I fH Cauchy-Schwarz 45 A
la(u,v)| = |/QAuA17 dxdy + /QonuV@ dxdy + /Qﬁu@ dxdy|
< /Q |AuAD| dedy + /Q |aVuVo| dedy + /Q |fuv| dedy
— /Q (|022Onp ¥ + gty + Oy tuDy® + Dy, 0|) ddy
+ /Q(\@xuaxv + 0yud,v|) dedy + /Q |fuv|) dedy
< /Q(]amu&mvl + 2|05y U0y v| + |0y u0yyv)|dzdy
+a* /Q(lﬁmuﬁxm + |0y udyv|)dxdy + [~ /Q |uv|dxdy
< max{1,a", 8" }Hull2.0[|v]}20-
H—J7H, HGIE3.2H
a(u,u) = /QAUAH dxdy + /QaVuVﬂ da:dy—l—/ﬂﬁuﬁ dxzdy
= /Q (O uOppti 4 205y U0y U + Oy u0y,u)drdy
+ /ﬂ a(0,u0,t + Oyudyu)dxdy + /Q Buudxdy
> [ (100l + 20m0 + 10,0y + 6. | [P dady
> min{1, 4.} /Q(yamm? 200l + [0yyul® + |uf2)dzdy

> S min{L, 8.} lullzq.

N |

FALT @ B3 ARUE R, FRATAE T T E
EF 3.2 blu,v)RELALA(Q) x L2(Q) L8 ER & L& LZS, Bp
[b(u, v)] < Julllv]l, b(u,w) > [|ull*.

HRAE 3.1, H3.20) K Lax-Milgram 5| ¥, 7 LLE SURS 7T : L2(Q) —

a(Tu,v) = b(u,v), Vv e H2(Q). (3-8)
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SR3E AL AN DR RAL AR 7] 1 Fourier i 3@ I ANR 22 73 #

W @-4A Wb 5
Tu = \""tu. (3-9)
ER 33 @R XEFT  H2(Q) — HX(Q) R—ANEHF.
WERR TEG-8)HHly = Tu, HIEHE3.17]15
M,||Tull3q < a(Tu, Tu) = b(u, Tu) < [Jull|Tul20,
Hp:
I Tull20 < M ul. (3-10)

RS HH2( Q)T —ANE 4, BHH2(Q)BEIRANLA(Q) ATEIS AL Q) 5%
%, HHIG-10) ATRISONHZ(Q) PP ESE. Bk, T HX(Q) — H) Q)=
EHET. O

RGO E: A e C, 04w € H2(Q), f#15
a(v,u*) = Xb(v,u*), Vv e H(Q). (3-11)
& SUHIBLI RSP T« L2(Q) — H2(Q), f#153:
av, T*u*) = b(v,u*), Vv e H(Q). (3-12)
W @-1DA W FEEM I E TR
T u* = (X)) tu*, (3-13)
H T
a(Tu,v) = b(u,v) = a(u, T*v),u,v € H2(),

WT* HTHRSESE T T - H2(Q) — HAQBR—AEET. UTHTT
o5 S, AR IR T Toy - L2(Q) — Xar(Q), 45

a(Tau, vag) = b(u,vpr),  Yu € L*(Q), Yoy € X (). (3-14)

15



oA LN 1 R A9

BART « LA(Q) = Xy (QR—MNERME T, HG-5) A FEN I E A
Thruar = Ayj - (3-15)
S EFIL, - HA(Q) — X, (Q), 55
a(u —Iyu,vy) =0, Yue HZ(Q), Vo, € X, (). (3-16)
513 3.3 ATHT, 55 H3-8)4=(3-14) & Lo H FE&BHEF, WA
Ty =10, T.
WERA HI(3-8), (3-14)F(3-16), *Vu € H2(Q), Yo, € Xu(), H

a(Ily,Tu — Tyu,vy) =a(lly,Tu — Tu + Tu — Tyu,vy)
=a(Il,, Tu — Tu,vy) + a(Tu — Tyu,vy)
=a(Il,,Tu — Tu,vy) + a(Tu,vy) — a(Tyu,vy)
=a(Il,,Tu — Tu,vy) + b(u, vy) — b(u, vy)

=0.

EJ::_EQEPEXUM =11, Tu —T,u m"/f%{‘

a(Il,, Tu — Tyu, 1, Tu — Tyu) = 0.

HEEE3.1H
TJW - H]\JT.
]
AR, Torlxa@) @ Xu(2) = Xu( QW2 —1MERRET. £
fM = sup inf HTU N UMH27Q.
u€ H2 (), ||ufl2,0=1 M EX2r ()
1T X0 ()2 Q) T, LG, U
lim &, = 0. (3-17)
M—o00
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SE3E L SR R DU RFIEAR in) 8 ¥ Fourier i i@ i iz 2 3 B

EH 34 Aulle = Valu,u), W &@E93F XL
i 1T = Tl ez, m2(0)) = 0. (3-18)

WERR 5T AVEOE SORUE BE3. 1R 15

|T = Tullemz),m200) = sup (T — T )ull2.0
e (), lullz.0=1
< sup ||Tu — I, Tull,
ueHZ(Q) ||U||2 a=1 VM.
1
< sup inf |Tu — vylla

w€H2(9),[lull2,0=1 "M EXM () v/ M,

< sup inf Tu — vylla0
weHZ(Q),||ull2,0=1vM X (2) VM, | ull
M*
= SZVI
H1(3-17) RN 45 12 T O

AL, B AR A XA AG- 1D B #ak X oh: #A;, € C, 0 # uj, €
X (Q), 1613

a(v,uy,) = Nb(v,uhy), Vo € Xy (). (3-19)
B SRR 7Ty, - L2(Q) — X (Q), fif3:
a(v, Tyu*) = b(v,u*), Vu* € L*(Q),Yv € HA(Q). (3-20)
H1(3-20) AT £1(3-19) M I LT T 0N
Tipuh, = o tudy.

S AN 502 £ 80T OGO R GE AN — THYBERE. B Tim 1T —

Tulle (H2(),H2(Q)) = OFf FigM™FrAEEN (G = 1, ,g) BB ELEIN. 2p(T)
Mo (T) o MFRARFE T TINTFEMIEEE . & GG HT:
1 1

HRDE T p(T), AR LU hts, AF S HE S — AN, R (T) =
(2= T)'e dSCHRITVTSIE J— AN BUAH B T A-URITH S SRS E B2 1] 4
17
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