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Reduced Order Modeling (ROM) of by-pass transition over a zero pressure gradient shear layer data is presented
here in a Proper Orthogonal Decomposition (POD) framework. Here, by-pass transition is triggered by a convecting
vortex outside the shear layer. POD analysis is relevant for those fluid-structure interaction problems where the fluid
dynamical analysis necessarily requires solving the full Navier—Stokes equation. Two types of cases are reported here for
which the vortex is either stationary or it convects with a constant speed. Analysis of the complex unsteady flow is
performed by locating the eigenvalues and eigenvectors of the covariance matrix by using Lanczos iteration. The local
description produces eigenvectors that match seamlessly due to the linearity property of POD.
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1. Introduction

Proper Orthogonal Decomposition (POD)—that is
also referred to as Karhunen-Loeve expansion (that
was originally developed by Kosambi [1]) is finding
applications in diverse fields like image processing, sig-
nal processing, data compression, oceanography, chem-
ical engineering and fluid mechanics. Major work related
to fluid mechanics and turbulent flows are de- scribed in
Holmes et al. [2] and in Sirovich [3]. The aim of this
analysis tool is to identify long term dynam- ical behavior
of physical systems. Fluid flow at high Reynolds number
displays very complicated spatio-tem- poral variation and
is an ideal field where POD tools ap-
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ply—as is shown in Holmes et al. [2] and Sirovich [3].
POD has been used in engineering applications of fluid
flows for unsteady aerodynamics and is described in Flo-
rea and Hall [4], reviewed for fluid-structure interaction
problems in Dowell and Hall [5] and used in turbo-ma-
chine analysis using a potential flow model in Hall et al.
[6]. Although there are some viscous flow applications
via boundary layer type of analysis, there are very few
that actually use Direct Numerical Simulation (DNS)
data.

The main motivation for the present work is to
understand the behavior of the space—time dependence of
fluid dynamical system undergoing by-pass transition
that can be used for potential fluid-structure interaction
problems in the context of reduced order modeling.
The phenomenon of by-pass transition has been defined
as the flow transition event for wall bounded flows
that does not display distinct viscous waves. The theo-
retical and experimental results for the present by-pass

2004 Elsevier Ltd. All rights reserved.



2694 T.K. Sengupta, S. Dey / Computers and Structures 82 (2004) 2693-2703

transition is well documented in Sengupta et al. [7,8],
Lim et al. [9] respectively and the references contained
therein. The ensuing unsteady viscous flow is well under-
stood with POD as a descriptive tool. This is due to the
fact that the obtained DNS results provide the output of
a chaotic dynamical system, that is a random field. It is
legitimate to describe the random field in terms of deter-
ministic eigenvectors such that the projection of the lat-
ter to the former is maximized subject to given initial
and boundary conditions. While this increases our
understanding of the physical phenomenon, the identi-
fied dominant eigenvectors can be used for studying
problems of fluid-structure interaction.

The present work was also undertaken to address the
question posed in Dowell and Hall [5]: “Is it possible one
could attack the full Navier-Stokes equations using the
eigenmode-ROM methodology?” In this reference it was
conjectured that this might allow cne to “determine
local flow behavior”. In the present work we have used
the solution of full Navier-Stokes equation for the prob-
lem of by-pass transition. It is discussed in Sengupta
etal. [7] that by-pass transition cannot be predicted and
analyzed in a linear framework and the resultant flow
displays large range of length and time scales simul-
taneously. Despite the absence of a coherent theory
explaining the phenomenon, by-pass transition is ubiqg-
uitous and can be found in many internal and external
flow situations. The problem that is solved here by a Na-
vier-Stokes solver is sketched in Fig. 1, where a zero
pressure gradient boundary layer is excited by a fixed
line-vortex. This figure is for those cases where the lead-
ing edge of the plate is not included in the computational
domain and all the length dimensions are referred with
respect to the displacement thickness of the undisturbed
shear layer at the inflow. For the case corresponding to
Fig. 1, the length scale is taken as the displacement
thickness of the boundary layer at the inflow of the
domain (d*). This can be readily obtained for the zero
pressure gradient shear layer as solution of Blasius

boundary layer equation. The free stream speed (U1)
is used as the velocity scale for this problem and these
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Fig. 1. Schematic of the by-pass transition problem. The fixed
vortex is at X = 550d*.

fixes the time scale of the problem as - The non-
dimensional value of the fixed vortex in Fig. 1 is ob-
tained using this timescale. For the flow, from left to
right, the fixed vortex has a circulation that is anti-clock-
wise, as shown in the figure whose strength is C = 50.
The non-dimensional height of the fixed vortex from

the plate is given by, H = 32d*. For the other cases that
have been studied here is computed in a domain thatin-
cludes the leading edge of the plate and there the core
size of the convecting vortex is used as the length scale.

The interaction of a shear layer with a finite core vor-
tex leading to unsteady separation was noted by Doligal-

ski et al. [10] as one of the most important unsolved
problems of fluid dynamics. Such unsteady separation is
present in (i) flow past surface mounted obstacles; (ii)
dynamic stall and blade vortex interaction; (iii) impul-
sive motion of bluff bodies; (iv) by-pass transition and
(v) near-wall turbulence. Unsteady flow separation has
been discussed in Degani et al. [11] and other references
contained therein and Brinckman and Walker [12] have
studied near wall eddy formation in turbulent boundary
layers.

In Lim et al. [9] a vortex with finite core size was cre-
ated experimentally by a rotating and translating circu-
lar cylinder whose strength (C), distance from the plate
(H) and the circulation sign were controlled accurately.
The main emphasis of the experiment was to control
all the relevant parameters so that any observed events
can be reproduced. In the present work the aim was to
reproduce numerically the events observed by the exper-
iments and then use the POD tools to analyze the DNS
data. In the next section a brief account of the numerical
simulation is provided. In Section 3 we will provide the
results of the simulation and detailed discussion on it.

2. Numerical methods

In the present computations, the Navier-Stokes
equation is solved in stream function-vorticity formula-
tion, as in Refs. [12,13]. In Ref. [12] the burst sequence
of turbulent boundary layer excited by stream-wise vor-
tices (in x-direction) for which a stream function was de-
fined in the (y-z)-plane. In the present work, the
following vorticity transport and the stream function
equations are solved in the (X-y)-plane, as performed in
[13],

1
%t b dV:rbxla ger 2x; d1p

I’ZW Va x: 02p
In [12] the numerical methods used were O(DxDt,Dy
Dt)-accurate. In [13] a third order upwind scheme was

used to solve the vorticity transport equation. In con-
trast, present computations use high accuracy compact
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schemes for spatial discretization as described below.
The used scheme, as introduced in [14,17], has more than
six times higher spectral resolution as compared to
second order accurate scheme of [12] and more than
twice that of the scheme used in [13]. Thus the compact
difference scheme requires very few grid points for solv-
ing NS equation. In this method the derivatives appear-
ing in the NS equation are evaluated using the following
implicit equation

b a
du?l b u? b du?bl a 4_héulb2 —uizbPp Zh—GU b1 — Ura P;

a3p

where d=0.3793894912, a=1.57557379 and b=
0.1832051925. In this equation the first derivatives (indi-
cated by primed quantities on the left hand side) at dis-
crete nodes are related with the function values on the
right hand side in an uniform grid with spacing h.

The compact schemes, also known as Pade schemes,
are in essence global schemes despite their local approx-
imation, as in Eq. (3). Here, we briefly explain how this
equation and the coefficients are obtained, the details can
be obtained from [14,17]. To obtain the derivative at the
Ith node, we represent the unknown by its spectral
description,

u % udxib %4 Udkpe™ dk; d4p
so that the first derivative is obtained for a Fourier spec-
tral method as

Z

ul % Lakhbu k%  ikU skpel* dk: a5p
However, for any discrete computational scheme the
first derivative will be represented here by
z

U % Lndkhbu % ikegU 8kbe'™ dk: a6b

The numerical scheme of Eqg. (3) is obtained by
minimizing the discretizing error of the first derivative for
the compact scheme, as compared to the spectral method
i.e.

> z P
G% jLnokhp Lakhpj dk: a7p
141

Thus, the coefficients d, a and b were obtained in [14]
by minimizing G for one dimensional wave equation for
a given set of initial condition. In [17] this procedure is
extended for more general class of problems, independ-
ent of the type of equation to be solved.

In Fig. 2, the spectral resolution of the used compact
scheme is compared with that of second order of [12] and
the third order accurate scheme of [13] for the eval-
uation of first derivative. In this figure the ordinate is the
ratio ;@Lq that is a non-dimensional measure of spectral
resolution with k and keq as defined above. It is evident
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Fig. 2. The real part of ke/k versus kDx for the CD,, CD, and
the used schemes shown alongside the exact value.

that the compact scheme is far superior as compared to
the other displayed schemes. Because of the superiority
of the compact scheme over conventional schemes, one
can take fewer points and still have very high accuracy.
In applying the above compact scheme, some additional
modifications are used near the computational domain
boundary, as the original scheme is only defined for peri-
odic problems.

On the inflow and the top-lid of the computational
domain, one can calculate the stream function induced by
Biot-Savart interaction due to the convecting or sta-
tionary vortex outside the computational domain (as
shown in Fig. 1). The wall boundary conditions corre-
spond to no-slip condition. At the outflow the fully
developed condition on the wall-normal component of
velocity is used. The above conditions are used in Eq.
(2) to derive the vorticity values at all boundary seg-
ments. The flow is started impulsively.

We would present the POD of data for stream func-
tion and vorticity fields by two different methods. In the
so-called direct method, the stream function w, is repre-
sented by a finite expansion of orthonormal functions
{/n}, such that

woX; th % aj0th/;0xP a8p

L

Following Sirovich [3], the above stream function is
taken for the total variation and not the fluctuation.
For highly unsteady flow fields, one would have to
ensemble average (as denoted by angular brackets Eq.
(9)) over a large number of realizations—each being
the CFD simulation of the complete flow field with per-
turbed auxiliary conditions. However, without a realistic
model for ambient disturbances that actually are pre-
sent—it is conceptually meaningless to perform such
simulations with perturbed conditions. Thus we propose
to work on smaller time intervals over which the process
can be considered as ergodic (i.e. statistically stationary)
so that we can equate ensemble average with time aver-
age over that interval.
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Using the general procedure of direct method of
POD, one constructs the spatial two-point correlation
matrix as

> Ll 1+

X
am/p, P an/ X : d9p

m n

Kox; x0p Y4

Thepsight-hand-side of the above can also be rewritten
as,  mn/wOXP/n8xPMi With M, = ha, a,i. The degen-
eratepeigenfunctions are assumed to be of the form
V Y4 «Px/Oxb and the corresponding eigenvalues are
obtained from the linear algebraic equation,

MP Y, kP 010p

where the elements of the matrix M are as given above
and the eigenvalues are obtained by Lanczos procedure,
as performed in Hall et al. [6]. We have obtained the
eigenvalues without re-orthogonalization, as suggested
in Cullum and Willoughby [15]. For the first part of
POD analysis by direct method, we have used N = 1200.
Even when a local analysis is performed using very
few points by direct method, it requires large computa-
tional resources. It is for this reason, quite often the
method of snapshots [2,3] is used for POD analysis and
that is discussed next to identify coherent structures dur-
ing by-pass transition using numerically obtained vortic-
ity data. For handling numerical data over large domain
by POD, the method of snapshots of Sirovich [3] is most
appropriate, if the number of input frames or snapshots
(M) is smaller than N = (N, - N,)—the product of num-
bers of grid points along the co-ordinate directions. For
the presented results, we have used 21 snapshots for the
last two cases.
In this method, denote by s a time scale that is of the
order of correlation time so that the instantaneous vor-
ticity field is given by

VP 1, vdX: nsb: o11p
Each value of n corresponds to a snapshot. In this

case, with the ergodicity hypothesis one can write the
two-point correlation as,

1
Kox;x% ¥ Lim  — VISXbvV'8x°p: d12p
mr1 nYsl
In this method, the degenerate eigenfunctions are
once again of the form,

»
VY AV d13p
ka1
where the constants Ay are obtained from the linear
algebraic equation [3]
CAY4kA d14p

R
where A= (Ay,... ,Ap) and Cp Y4 VO"™PVO dX is ob-
tained by integrating over the whole domain (X).

3. Results and discussion

We have performed three sets of calculations for the
presented results. In the first, we have found out the ef-
fects of a stationary vortex over a shear layer forming
over a flat plate. The arrangement for the vortex and
the computational domain is as shown in Fig. 1. For this
relatively simple exercise, the computation is performed
over the whole domain using only (201 - 101) points with
uniform spacing of points in the stream-wise direc- tion
and slowly increasing grid spacing in the wall-nor- mal
direction. In Fig. 1 the box ABCD is chosen for the
local analysis that has 40 points in the stream-wise
direction and 30 points in the wall-normal direction.
For this case N = 1200 for the domain ABCD and we will
perform the POD analysis using the general proce- dure
outlined in the previous section. With the ergodic process
assumption—by which the ensemble average is
equated to time average—we will use the data set
from +=201 to t+=221 for the simple purpose of
demonstration.

Thus from Eq. (10), we should have 1200 real eigen-
values for ABCD. However, such eigenvalues are not
necessarily distinct. The multiplicity of eigenvalues have
been determined by Sturm sequencing as given in Ref.
[15]. The eigenvectors prowvide cne with the spatial struc-
ture of the flow field, while the eigenvalues determine the
time dependence.

In Fig. 3, the stream functions are shown for the indi-
cated times between ¢t = 201 and 221. To test the proce-
dure of local representation of the flow field, the small
box (ABCD) is further subdivided into two parts, over
which we have calculated eigenvalues and eigenvectors
separately.

In each case the largest eigenvalue is well separated
from others. The eigenvalues of the composite domain
ABCD and the sub-domains and their multiplicities
are given in Table 1. The eigenvectors corresponding
to the largest eigenvalues of each domain are shown in
Fig. 4. It is to be noted that it is one of the many possible
linearly independent eigenvectors corresponding to the
largest eigenvalue. It is seen from this figure that the
eigenvectors for the smaller windows match well with the
eigenvector for ABCD. This observation would help one
to locally analyze the flow field rather than handling the
whole domain-data together. This is possible, due to the
linearity property of the POD analysis. This attrac- tive
feature of POD can be very beneficially utilized where
one would require unsteady fluid flow behavior for multi-
disciplinary studies as in aero-clasticity and flow induced
noise and/or vibration studies. The pre- sented results also
highlights the fact that the leading eigenvectors on each
part of sub-domains and the full domain are adequate to
represent this flow field— another strong reason for using
POD as an analysis tool. This also can help one to
develop simpler ODEs to ana-
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Eigenvalues and their multiplicities for the composite and
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Fig. 3. Streamline contours of some of the frames used in preparing the correlation matrix.

subdomains of Fig. 4

Domain  S. no.  Eigenvalue Multiplicity
Left: 1 0.668438319033D + 05 268
Right: 1 0.625384779890D + 05 214
2 0.461409282222D + 02 104
3 0.838271410468D +01 72
4 0.544523113606D + 01 70
5 0.255431482785D + 01 62
Full: 1 0.129379811299D + 06 426
2 0.477873219001D + 02 197
3 0.898686822280D + 01 135
4 0.556368508112D + 01 133
5 0.305660510537D + 01 118

lyze unsteady fluid flow instead of solving the full Na-
vier-Stokes equation. This has not been attempted here.

Full domain (ABCD)
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Fig. 4. Eigenvectors corresponding to the largest eigenvalues
for the domains shown in Fig. 1.

The possibility of local analysis reduces compu-
tations significantly in locating eigenvalues and
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